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1.9 The area under a curve

Theorem (The Fundamental Theorem of Integral Calculus)

For a function f which is continuous on the interval [a, b], the area of
the region R indicated in the sketch below (the area between the

graph of f , the t-atis and the lines t = a, t = b) is

∫ b

a
f(t) dt.

y = f(t)

a b t

y

Area under the curve y = f(t) between t = a and t = b.
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y = f(t)

R

a b t

y

We want to show that the area of R is equal to

∫ b

a
f(t) dt.
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y = f(t)

A(x)

a x b t

y

f(x)

We want to show that the area of R is equal to

∫ b

a
f(t) dt.

Consider the area A(x),

we’ll show that d
dxA(x) = f(x).
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y = f(t)

A(x)

a x b t

y

f(x)

We want to show that the area of R is equal to

∫ b

a
f(t) dt.

Consider the area A(x), we’ll show that d
dxA(x) = f(x).
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h
y = f(t)

A(x) Bh(x)

a x x+ h b t

y

f(x)

We want to show that the area of R is equal to

∫ b

a
f(t) dt.

Consider the area A(x), we’ll show that d
dxA(x) = f(x).

Newton Quotient for A(x): A(x+h)−A(x)
h = Bh(x)

h .
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h
y = f(t)

a x x+ h b t

y

L(x)

We want to show that the area of R is equal to

∫ b

a
f(t) dt.

Consider the area A(x), we’ll show that d
dxA(x) = f(x).

Newton Quotient for A(x): A(x+h)−A(x)
h = Bh(x)

h .

h · L(x) 6 Bh(x)
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h
y = f(t)

a x x+ h b t

y

M(x)

We want to show that the area of R is equal to

∫ b

a
f(t) dt.

Consider the area A(x), we’ll show that d
dxA(x) = f(x).

Newton Quotient for A(x): A(x+h)−A(x)
h = Bh(x)

h .

Bh(x) 6 h ·M(x)
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h
y = f(t)

a x x+ h b t

y

M(x)

L(x)

We want to show that the area of R is equal to

∫ b

a
f(t) dt.

Consider the area A(x), we’ll show that d
dxA(x) = f(x).

Newton Quotient for A(x): A(x+h)−A(x)
h = Bh(x)

h .

h · L(x) 6 Bh(x) 6 h ·M(x)

⇒ L(x) 6 Bh(x)
h 6 M(x).
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h
y = f(t)

a x x+ h b t

y

M(x)

L(x)

We want to show that the area of R is equal to

∫ b

a
f(t) dt.

Consider the area A(x), we’ll show that d
dxA(x) = f(x).

Newton Quotient for A(x): A(x+h)−A(x)
h = Bh(x)

h .

h · L(x) 6 Bh(x) 6 h ·M(x) ⇒ L(x) 6 Bh(x)
h 6 M(x).
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h
y = f(t)

a x b t

y

M(x)

L(x)

We want to show that the area of R is equal to

∫ b

a
f(t) dt.

Consider the area A(x), we’ll show that d
dxA(x) = f(x).

Newton Quotient for A(x): A(x+h)−A(x)
h = Bh(x)

h .

h · L(x) 6 Bh(x) 6 h ·M(x) ⇒ L(x) 6 Bh(x)
h 6 M(x).

As h −→ 0,
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h
y = f(t)

y

M(x)
L(x)

a x b t

We want to show that the area of R is equal to

∫ b

a
f(t) dt.

Consider the area A(x), we’ll show that d
dxA(x) = f(x).

Newton Quotient for A(x): A(x+h)−A(x)
h = Bh(x)

h .

h · L(x) 6 Bh(x) 6 h ·M(x) ⇒ L(x) 6 Bh(x)
h 6 M(x).

As h −→ 0,
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h
y = f(t)

y

M(x)
L(x)

a x b t

We want to show that the area of R is equal to

∫ b

a
f(t) dt.

Consider the area A(x), we’ll show that d
dxA(x) = f(x).

Newton Quotient for A(x): A(x+h)−A(x)
h = Bh(x)

h .

h · L(x) 6 Bh(x) 6 h ·M(x) ⇒ L(x) 6 Bh(x)
h 6 M(x).

As h −→ 0,
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h
y = f(t)

y

M(x)L(x)

a x b t

We want to show that the area of R is equal to

∫ b

a
f(t) dt.

Consider the area A(x), we’ll show that d
dxA(x) = f(x).

Newton Quotient for A(x): A(x+h)−A(x)
h = Bh(x)

h .

h · L(x) 6 Bh(x) 6 h ·M(x) ⇒ L(x) 6 Bh(x)
h 6 M(x).

As h −→ 0,
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y = f(t)
y

f(x)

a x b t

We want to show that the area of R is equal to

∫ b

a
f(t) dt.

Consider the area A(x), we’ll show that d
dxA(x) = f(x).

Newton Quotient for A(x): A(x+h)−A(x)
h = Bh(x)

h .

h · L(x) 6 Bh(x) 6 h ·M(x) ⇒ L(x) 6 Bh(x)
h 6 M(x).

As h −→ 0, L(x),M(x) −→ f(x).

Thus, Bh(x)
h −→ f(x) as h −→ 0 ⇒ d

dxA(x) = f(x).
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y = f(t)
y

f(x)

a x b t

We want to show that the area of R is equal to

∫ b

a
f(t) dt.

Consider the area A(x), we’ll show that d
dxA(x) = f(x).

Newton Quotient for A(x): A(x+h)−A(x)
h = Bh(x)

h .

h · L(x) 6 Bh(x) 6 h ·M(x) ⇒ L(x) 6 Bh(x)
h 6 M(x).

As h −→ 0, L(x),M(x) −→ f(x).

Thus, Bh(x)
h −→ f(x) as h −→ 0

⇒ d
dxA(x) = f(x).

Proof of the Fundamental Theorem of Calculus 1S Calculus



Proof of the Fundamental Theorem of Calculus

y = f(t)
y

f(x)

a x b t

We want to show that the area of R is equal to

∫ b

a
f(t) dt.

Consider the area A(x), we’ll show that d
dxA(x) = f(x).

Newton Quotient for A(x): A(x+h)−A(x)
h = Bh(x)

h .

h · L(x) 6 Bh(x) 6 h ·M(x) ⇒ L(x) 6 Bh(x)
h 6 M(x).

As h −→ 0, L(x),M(x) −→ f(x).

Thus, Bh(x)
h −→ f(x) as h −→ 0 ⇒ d

dxA(x) = f(x).
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