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1.12 Integral as the limit of a sum

An approximation to the area under the graph of y = f(z) is the sum
of the areas of the rectangles.

Y f(xi)

The area under f between a and b is the limit of this sum as n — oo,

i=n—1

b
ie. / f(z)dx = Algiﬂrgo [ Z f(z) Az
@ i=0

i=n—1
:nlL%o[z; flx)Az| .
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1.12.1 Volume of revolution

@ Let V be the volume of a solid object generated by taking the
area under the curve y = f(z) above the interval [a, b] and
rotating it about the z-axis through a complete revolution.

@ The volume of a small slice of V' at location x; can be
approximated by the volume of a cylinder of radius f(x;) and
length Ax.

@ The volume of this cylindrical region is 7 f(x;)?Ax. So

|
—_

V) wlf(z))Ax.

7

I
o

@ The volume of V is the limit of the sum

n—1

b
V= lim ﬂ[f(xi)]QAx—w/ () da.

n—00 4
=0
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1.12.1 Volume of revolution

i) Show that the volume of a circular cone of height i and base

1 1
radius r is §7rr2h =3 X base X height.

ii) Calculate the volume of the finite region of the solid of revolution
generated by rotating the curve y = 1 — 2* about the z-axis.
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1.12.2 Area of a surface of revolution

Let A be the area of the curved surface generated by revolving the
graph of y = f(z) around the z-axis, between x = a and = = b.

1=n—1

Ar Y omf(z)y/1+ f/(zi)?Ax

1=0

The area is the limit of the sum, hence

n—1 b
A= nlgroloz 2r f(zi)\/ 1+ f/(z;)?Ax = 27r/ f@)V1+ fl(x)?dx.
i=0 @

Find the area of the curved surface formed by rotating y = /x about
the z-axis, between z = 0 and z = 2.
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1.13 Integration by parts

Theorem (Integration by parts)

[ @ f@)-9(@) - [ @) -9/ (@)do

For definite integrals integration by parts is written

b b
/f'(x)'g(ﬂf)dwz[f(ﬂf)-g(x)]i—/ fz)-g'(z)dw

Example (Find the following indefinite integrals)

i) /:U-costdx
i) /:U~e3$d33
iii) /3:3-logxda;
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1.13 Integration by parts

Example (Find the following integrals)

iv) [x?-sinzdzx
V) fol T - e dx

vi) [y @* - cos 2z dx

Technique (A)
Take f(xz) =1 and apply integration by parts.

Example (Apply Technique A)

i) [logzdx

i) /sinlacdx
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Technique (B)

Get the original integral to reappear on the RHS after integrating by
parts.

| A

Example
Show that

3 1 1
sec” x dx = isecxtanx—i- ilog]secx—i-tanﬂ +c

by applying Technique B.

Example (Apply Technique B to solve the following integrals)

i) /exsinxdx,
i) /emcosa:d:c.
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