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4.1 Newton—Raphson: Nonlinear root finding
Suppose we are trying to solve f(x) =0, i.e. finding the roots of f.
Y

f (o) f(@n)

f'(fb“o); Tpn+1 = Tn — f/(xn)

Ir1 =Xy —
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Example (Use the N-R method to find an approx. to the root)
Find a root of f(z) =3 —2 —5 = 0.
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Example (Use the N-R method to find an approx. to the root)
Find a root of f(z) =3 —2 —5 = 0.
o f(1)=13-1-5
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Example (Use the N-R method to find an approx. to the root)
Find a root of f(z) =3 —2 —5 = 0.

o f(1)=-5
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Example (Use the N-R method to find an approx. to the root)
Find a root of f(z) =3 —2 —5 = 0.
e f(1)<0

v
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Example (Use the N-R method to find an approx. to the root)
Find a root of f(z) =3 —2 —5 = 0.
e f(1)<Oand f(2)=23-2-5

v
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Example (Use the N-R method to find an approx. to the root)
Find a root of f(z) =3 —2 —5 = 0.
o f(1)<O0and f(2)=1>0

v
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Example (Use the N-R method to find an approx. to the root)
Find a root of f(z) =3 —2 —5 = 0.
e f(1) <0 and f(2) > 0, hence the root lies in the interval (1, 2).
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Example (Use the N-R method to find an approx. to the root)

Find a root of f(z) =3 —2 —5 = 0.
e f(1) <0 and f(2) > 0, hence the root lies in the interval (1, 2).
o Start with zp = 2 as f(2) is closer to zero than f(1).
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Example (Use the N-R method to find an approx. to the root)

Find a root of f(z) =3 —2 —5 = 0.
e f(1) <0 and f(2) > 0, hence the root lies in the interval (1, 2).
o Start with zp = 2 as f(2) is closer to zero than f(1).

_ f(zn)
f(xn)’

@ Using the N-R method z,, 11 =z,
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Example (Use the N-R method to find an approx. to the root)

Find a root of f(z) =3 —2 —5 = 0.
e f(1) <0 and f(2) > 0, hence the root lies in the interval (1, 2).
o Start with zp = 2 as f(2) is closer to zero than f(1).

f(xn)’

@ Using the N-R method 2,41 = 2, — f'(z) = 32% - 1,
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Example (Use the N-R method to find an approx. to the root)

Find a root of f(z) =3 —2 —5 = 0.
e f(1) <0 and f(2) > 0, hence the root lies in the interval (1, 2).
o Start with zp = 2 as f(2) is closer to zero than f(1).

f(CCn) f/(x):3x2_1’

@ Using the N-R method zy, 1 = z), — F(zn)’
n

we have Bl = By — ——r———
3z2 — 1

Chapter 3 — Numerical Methods 1S Calculus



Example (Use the N-R method to find an approx. to the root)

Find a root of f(z) =3 —2 —5 = 0.
e f(1) <0 and f(2) > 0, hence the root lies in the interval (1, 2).
o Start with zp = 2 as f(2) is closer to zero than f(1).

f(CCn) f/(x):3x2_1’

@ Using the N-R method zy, 1 = z), — F(zn)’
n

3 3

o — T, — 5 22 +5

we have Tptl = Ty — "3x2 ﬁl = 33:;—1'
n n
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Example (Use the N-R method to find an approx. to the root)

Find a root of f(z) =3 —2 —5 = 0.
e f(1) <0 and f(2) > 0, hence the root lies in the interval (1, 2).
o Start with zp = 2 as f(2) is closer to zero than f(1).

@ Using the N-R method 2,41 = 2, — f(@n) f(z) = 3z — 1,

X f(xn)’ 5

T — Ty, —o 2T +5

we have Tptl = Ty — "3x2 ﬁl = 33:;—1'
n n

@ Repeated application gives the sequence
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Example (Use the N-R method to find an approx. to the root)

Find a root of f(z) =3 —2 —5 = 0.
e f(1) <0 and f(2) > 0, hence the root lies in the interval (1, 2).
e Start with zp = 2 as f(2) is closer to zero than f(1).

f(zn) ' 2
F(zn)’ fi(z) =3z L,
T —an—5 223 +5

322 -1  3x2-1°
@ Repeated application gives the sequence
_ 22345
- 32 -1

@ Using the N-R method z,, 11 = ), —

we have el = By, —

I
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Example (Use the N-R method to find an approx. to the root)

Find a root of f(z) =3 —2 —5 = 0.
e f(1) <0 and f(2) > 0, hence the root lies in the interval (1, 2).
e Start with zp = 2 as f(2) is closer to zero than f(1).

f(zn) ' 2
,  fi(x) =3z" —1,
T —an—5 223 +5
322 -1  3x2-1°
@ Repeated application gives the sequence
22245
S 3-22-1

@ Using the N-R method z,, 11 = ), —

we have el = By, —

Z1
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Example (Use the N-R method to find an approx. to the root)

Find a root of f(z) =3 —2 —5 = 0.
e f(1) <0 and f(2) > 0, hence the root lies in the interval (1, 2).
e Start with zp = 2 as f(2) is closer to zero than f(1).

@ Using the N-R method 2,41 = 2, — }f,((xxn)), f(z) = 3z — 1,
n
N . 3 —2,—5 22345
LTn+1 = — = 5
" " 3z2 —1 3z2 — 1

@ Repeated application gives the sequence
1 = 1.90909090909091 . . .,
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Example (Use the N-R method to find an approx. to the root)

Find a root of f(z) =3 —2 —5 = 0.
e f(1) <0 and f(2) > 0, hence the root lies in the interval (1, 2).
o Start with zp = 2 as f(2) is closer to zero than f(1).

@ Using the N-R method 2,41 = 2, — }f,((xxn)), f(z) = 3z — 1,
n
N . 3 —2,—5 22345
LTn+1 = — = 5
" " 3z2 —1 3z2 — 1

@ Repeated application gives the sequence
x1 = 1.90909090909091 . . .,

. 223 +5

- 322 -1

Z2
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Example (Use the N-R method to find an approx. to the root)

Find a root of f(z) =3 —2 —5 = 0.
e f(1) <0 and f(2) > 0, hence the root lies in the interval (1, 2).
o Start with zp = 2 as f(2) is closer to zero than f(1).

@ Using the N-R method 2,41 = 2, — f(@n) f(z) = 3z — 1,

f'(@n)’ [

3 —x,—5 2x3+5

we have el = By, — 322 _ 1 = 52 1"
n n

@ Repeated application gives the sequence
x1 = 1.90909090909091 . . .,
_2(1.90909090909091 ... )3+5

2 = 3(1.90909090909091 .. )2 — 1
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Example (Use the N-R method to find an approx. to the root)

Find a root of f(z) =3 —2 —5 = 0.
e f(1) <0 and f(2) > 0, hence the root lies in the interval (1, 2).
o Start with zp = 2 as f(2) is closer to zero than f(1).

@ Using the N-R method 2,41 = 2, — f(@n) f(z) = 3z — 1,

f'(@n)’ [

3 —x,—5 2x3+5

we have el = By, — 322 _ 1 = 52 1"
n n

@ Repeated application gives the sequence
1 = 1.90909090909091 . . .,
zo = 1.90417486008168.. . .,
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Example (Use the N-R method to find an approx. to the root)

Find a root of f(z) =3 —2 —5 = 0.
e f(1) <0 and f(2) > 0, hence the root lies in the interval (1, 2).
o Start with zp = 2 as f(2) is closer to zero than f(1).

@ Using the N-R method 2,41 = 2, — f(@n) f(z) = 3z — 1,

f'(@n)’ [

3 —x,—5 2x3+5

we have el = By, — 322 _ 1 = 52 1"
n n

@ Repeated application gives the sequence
1 = 1.90909090909091 . . .,
r9 = 1.90417486008168 . . .,
223+ 5
C 3x2-1

zs3
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Example (Use the N-R method to find an approx. to the root)

Find a root of f(z) =3 —2 —5 = 0.
e f(1) <0 and f(2) > 0, hence the root lies in the interval (1, 2).
o Start with zp = 2 as f(2) is closer to zero than f(1).

@ Using the N-R method 2,41 = 2, — f(@n) f(z) = 3z — 1,

f'(@n)’ [

3 —x,—5 2x3+5

we have el = By, — 322 _ 1 = 52 1"
n n

@ Repeated application gives the sequence
1 = 1.90909090909091 . . .,
z9 = 1.90417486008168 . . .,
~2(1.90417486008168 . ..)% 4 5

3 = 3(1.90417486008168 .. )2 — 1
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Example (Use the N-R method to find an approx. to the root)

Find a root of f(z) =3 —2 —5 = 0.
e f(1) <0 and f(2) > 0, hence the root lies in the interval (1, 2).
o Start with zp = 2 as f(2) is closer to zero than f(1).

@ Using the N-R method 2,41 = 2, — f(@n) f(z) = 3z — 1,

f'(@n)’ [

3 —x,—5 2x3+5

we have el = By, — 322 _ 1 = 52 1"
n n

@ Repeated application gives the sequence
1 = 1.90909090909091 . . .,
zo = 1.90417486008168.. . .,
z3 = 1.90416085924829. . .,
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Example (Use the N-R method to find an approx. to the root)

Find a root of f(z) =3 —2 —5 = 0.
e f(1) <0 and f(2) > 0, hence the root lies in the interval (1, 2).
o Start with zp = 2 as f(2) is closer to zero than f(1).

@ Using the N-R method 2,41 = 2, — f(@n) f(z) = 3z — 1,

f(xn)’ )

3 —x,—5 2x3+5

we have el = By, — 322 _ 1 = 52 1"
n n

@ Repeated application gives the sequence
1 = 1.90909090909091 . . .,
zo = 1.90417486008168.. . .,
r3 = 1.90416085924829. . .,

_ 223 +5

3z -1

L4
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Example (Use the N-R method to find an approx. to the root)

Find a root of f(z) =3 —2 —5 = 0.
e f(1) <0 and f(2) > 0, hence the root lies in the interval (1, 2).
o Start with zp = 2 as f(2) is closer to zero than f(1).

@ Using the N-R method 2,41 = 2, — f(@n) f(z) = 3z — 1,

f'(@n)’ [

3 —x,—5 2x3+5

we have el = By, — 322 _ 1 = 52 1"
n n

@ Repeated application gives the sequence
1 = 1.90909090909091 . . .,
zo = 1.90417486008168.. . .,
r3 = 1.90416085924829 .. . .,
_2(1.90416085924829 . ..)% 4 5

¥4 7 5(1.90416085924829 .. )2 — 1
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Example (Use the N-R method to find an approx. to the root)

Find a root of f(z) =3 —2 —5 = 0.
e f(1) <0 and f(2) > 0, hence the root lies in the interval (1, 2).
o Start with zp = 2 as f(2) is closer to zero than f(1).

@ Using the N-R method 2,41 = 2, — f(@n) f(z) = 3z — 1,

f'(@n)’ [

3 —x,—5 2x3+5

we have el = By, — 322 _ 1 = 52 1"
n n

@ Repeated application gives the sequence
1 = 1.90909090909091 . . .,
zo = 1.90417486008168.. . .,
z3 = 1.90416085924829. . .,
xq4 = 1.90416085913492. . .,
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Example (Use the N-R method to find an approx. to the root)

Find a root of f(z) =3 —2 —5 = 0.
e f(1) <0 and f(2) > 0, hence the root lies in the interval (1, 2).
o Start with zp = 2 as f(2) is closer to zero than f(1).

@ Using the N-R method 2,41 = 2, — f(@n) f(z) = 3z — 1,

f'(@n)’ [

3 —x,—5 2x3+5

we have el = By, — 322 _ 1 = 52 1"
n n

@ Repeated application gives the sequence
1 = 1.90909090909091 . . .,
zo = 1.90417486008168.. . .,
z3 = 1.90416085924829. . .,
x4 = 1.90416085913492.. . .,
22345
Iy = )
3z —1
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Example (Use the N-R method to find an approx. to the root)

Find a root of f(z) =3 —2 —5 = 0.
e f(1) <0 and f(2) > 0, hence the root lies in the interval (1, 2).
o Start with zp = 2 as f(2) is closer to zero than f(1).

@ Using the N-R method 2,41 = 2, — f(@n) f(z) = 3z — 1,

f'(@n)’ [

3 —x,—5 2x3+5

we have el = By, — 322 _ 1 = 52 1"
n n

@ Repeated application gives the sequence
1 = 1.90909090909091 . . .,
zo = 1.90417486008168.. . .,
z3 = 1.90416085924829. . .,
xq4 = 1.90416085913492.. . .,
_2(1.90416085913492....)% + 5

5 = 5(1.90416085913492 .. )2 — 1
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Example (Use the N-R method to find an approx. to the root)

Find a root of f(z) =3 —2 —5 = 0.
e f(1) <0 and f(2) > 0, hence the root lies in the interval (1, 2).
@ Start with 29 = 2 as f(2) is closer to zero than f(1).

@ Using the N-R method 2,41 = 2, — f(@n) f(z) = 3z — 1,

3 f!(@a) 3

T — Ty, —o 2T +5

we have Tptl = Ty — "3x2 i = ng —
n n

@ Repeated application gives the sequence
1 = 1.90909090909091 . . .,
zo = 1.90417486008168.. . .,
z3 = 1.90416085924829. . .,
xq4 = 1.90416085913492. . .,
x5 = 1.90416085913492.. . ..
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Example (Use the N-R method to find an approx. to the root)

Find a root of f(z) =3 —2 —5 = 0.
e f(1) <0 and f(2) > 0, hence the root lies in the interval (1, 2).
@ Start with 29 = 2 as f(2) is closer to zero than f(1).

@ Using the N-R method 2,41 = 2, — f(@n) f(z) = 3z — 1,

3 f!(@a) 3

T — Ty, —o 2T +5

we have Tptl = Ty — "3x2 i = 33:; —
n n

@ Repeated application gives the sequence
1 = 1.90909090909091 . . .,
zo = 1.90417486008168.. . .,
z3 = 1.90416085924829. . .,
xq4 = 1.90416085913492. . .,
x5 = 1.90416085913492.. . ..
@ The sequence zg, 1, X2, ... is converging and so 1.90416086 is an

approximation to root of f(x) =0 in [1,2] to 8 dp.
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Example (Use the N-R method to find an approx. to the root)

Find a root of f(z) =3 —2 —5 = 0.
e f(1) <0 and f(2) > 0, hence the root lies in the interval (1, 2).
o Start with zp = 2 as f(2) is closer to zero than f(1).

@ Using the N-R method 2,41 = 2, — f(@n) f(z) = 3z — 1,

3 f!(@a) 3

T — Ty, —o 2T +5

we have Tptl = Ty — "3x2 ﬁ = ng —
n n

@ Repeated application gives the sequence
1 = 1.90909090909091 . . .,
zo = 1.90417486008168.. . .,
z3 = 1.90416085924829. . .,
x4 = 1.90416085913492. . .,
x5 = 1.90416085913492.. . ..
@ The sequence zg, 1, X2, ... is converging and so 1.90416086 is an

approximation to root of f(x) =0 in [1,2] to 8 dp.
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Example (Use the N-R method to find an approx. to the root)
Find a root of f(z) =2 — e * = 0.
e f(0)=0—¢"

4
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Example (Use the N-R method to find an approx. to the root)
Find a root of f(z) =2 — e * = 0.

e f(0)=-1

4
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Example (Use the N-R method to find an approx. to the root)
Find a root of f(z) =2 — e * = 0.
e f(0)<0

4
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Example (Use the N-R method to find an approx. to the root)
Find a root of f(z) =2 — e * = 0.
e f(0)<Oand f(1) =1—¢!

4
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Example (Use the N-R method to find an approx. to the root)
Find a root of f(z) =2 — e * = 0.
e f(0)<O0and f(1) ~1—0.367879

4
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Example (Use the N-R method to find an approx. to the root)
Find a root of f(z) =2 — e * = 0.
e f(0)<Oand f(1) >0

4
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Example (Use the N-R method to find an approx. to the root)
Find a root of f(z) =2 — e * = 0.
e f(0) <0and f(1) > 0, hence the root lies in the interval (0,1).

4
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Example (Use the N-R method to find an approx. to the root)

Find a root of f(z) =2 — e * = 0.
e f(0) <0and f(1) > 0, hence the root lies in the interval (0,1).
o Start with zg = 1.

4

Chapter 3 — Numerical Methods 1S Calculus




Example (Use the N-R method to find an approx. to the root)

Find a root of f(z) =2 — e * = 0.
e f(0) <0and f(1) > 0, hence the root lies in the interval (0,1).
o Start with zg = 1.

@ Using the N-R method z,, 11 = ), —

4
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Example (Use the N-R method to find an approx. to the root)

Find a root of f(z) =2 — e * = 0.
e f(0) <0and f(1) > 0, hence the root lies in the interval (0,1).
o Start with zg = 1.

f(xn)’

@ Using the N-R method z,11 = x,, — flz)=1+¢€"

4
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Example (Use the N-R method to find an approx. to the root)

Find a root of f(z) =2 — e * = 0.
e f(0) <0and f(1) > 0, hence the root lies in the interval (0,1).

o Start with zg = 1.

@ Using the N-R method z,,41 = ), — J‘Cf,((xx")), fllx)y=1+¢"",

we have
T, —e En
il =t = 1 —+ e In

4
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Example (Use the N-R method to find an approx. to the root)

Find a root of f(z) =2 — e * = 0.
e f(0) <0and f(1) > 0, hence the root lies in the interval (0,1).

o Start with zg = 1.

@ Using the N-R method z,,41 = ), — J‘Cf,((xx")), fllx)y=1+¢"",

we have
Tn—e " e " (z,41)
Tn+l = Tn — 1+en 14+ e 2n
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Example (Use the N-R method to find an approx. to the root)

Find a root of f(z) =2 — e * = 0.
e f(0) <0and f(1) > 0, hence the root lies in the interval (0,1).

o Start with zg = 1.

@ Using the N-R method z,,41 = ), — J‘Cf,((xx")), fllx)y=1+¢"",

we have
B Tn—e " e (z,+1) 14z,
Tt I T e T 1te@n  1tem
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Example (Use the N-R method to find an approx. to the root)

Find a root of f(z) =2 — e * = 0.
e f(0) <0and f(1) > 0, hence the root lies in the interval (0,1).
@ Start with zg = 1.

@ Using the N-R method z,,41 = ), — f, , fll@)y=1+e",
we have
Tp—e€ % e Pn(x,+1) 14z,
7 =T, — = = .
vl " 14eon 1+e%n 1+ e%n
@ Repeated application gives the sequence
. 14z
1= 1+ e%o

Chapter 3 — Numerical Methods 1S Calculus



Example (Use the N-R method to find an approx. to the root)

Find a root of f(z) =2 — e * = 0.
e f(0) <0and f(1) > 0, hence the root lies in the interval (0,1).
@ Start with zg = 1.

@ Using the N-R method z,,41 = ), — f, , fll@)y=1+e",
we have
Tp—e€ % e Pn(x,+1) 14z,
a5 = Ty — = = .
vl " 14eon 1+e%n 1+ e%n
@ Repeated application gives the sequence
e 1+(1)
P T4l
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Example (Use the N-R method to find an approx. to the root)

Find a root of f(z) =2 — e * = 0.
e f(0) <0and f(1) > 0, hence the root lies in the interval (0,1).
@ Start with zg = 1.

@ Using the N-R method z,,41 = ), — f, , fll@)y=1+e",
we have
Tp—e€ % e Pn(x,+1) 14z,
Tntl = Tp — = =

l+e2  14e@n 14t

@ Repeated application gives the sequence
2

xl:l—i—e
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Example (Use the N-R method to find an approx. to the root)

Find a root of f(z) =2 — e * = 0.
e f(0) <0and f(1) > 0, hence the root lies in the interval (0,1).
@ Start with zg = 1.

@ Using the N-R method z,,41 = ), — f, , fll@)y=1+e",
we have
Tp—e€ % e Pn(x,+1) 14z,
Tntl = Tp — = =

l+e2  14e@n 14t

@ Repeated application gives the sequence
1 = 0.537882842739990. . .,
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Example (Use the N-R method to find an approx. to the root)

Find a root of f(z) =2 — e * = 0.
e f(0) <0and f(1) > 0, hence the root lies in the interval (0,1).
o Start with zg = 1.

@ Using the N-R method z,,41 = ), — f, , fll@)y=1+e",
we have
Tp—e€ % e Pn(x,+1) 14z,
Tntl = Tp — = =

l+e2  14e@n 14t

@ Repeated application gives the sequence
x1 = 0.537882842739990. . .,

_ 1+x

C ltem

L2
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Example (Use the N-R method to find an approx. to the root)

Find a root of f(z) =2 — e * = 0.
e f(0) <0and f(1) > 0, hence the root lies in the interval (0,1).

o Start with zg = 1.

@ Using the N-R method z,,41 = ), — f’((xxn))’ fllx)y=1+¢"",
n

we have
Tp—e€ % e Pn(x,+1) 14z,
€T = — = = .
= ey + e %n 1+e%n 1+ e%n

@ Repeated application gives the sequence
x1 = 0.537882842739990. . .,
1+ (0.537882842739990. . .)
T2 = T 0.537882842739990...
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Example (Use the N-R method to find an approx. to the root)

Find a root of f(z) =2 — e * = 0.
e f(0) <0and f(1) > 0, hence the root lies in the interval (0,1).
o Start with zg = 1.

@ Using the N-R method z,,41 = ), — f, , fll@)y=1+e",
we have
Tp—e€ % e Pn(x,+1) 14z,
Tntl = Tp — = =

l+e2  14e@n 14t

@ Repeated application gives the sequence
1 = 0.537882842739990. . .,
z2 = 0.566986991405413.. . .,
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Example (Use the N-R method to find an approx. to the root)

Find a root of f(z) =2 — e * = 0.
e f(0) <0and f(1) > 0, hence the root lies in the interval (0,1).
o Start with zg = 1.

@ Using the N-R method z,,41 = ), — f, , fll@)y=1+e",
we have
Tp—e€ % e Pn(x,+1) 14z,
Tntl = Tp — = =

l+e2  14e@n 14t

@ Repeated application gives the sequence
1 = 0.537882842739990. . .,
z9 = 0.566986991405413 . . .,
1 + X9
T + e®2
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Example (Use the N-R method to find an approx. to the root)

Find a root of f(z) =2 — e * = 0.
e f(0) <0and f(1) > 0, hence the root lies in the interval (0,1).

o Start with zg = 1.

@ Using the N-R method z,,41 = ), — f’((xxn))’ fllx)y=1+¢"",
n

we have
Tp—e€ % e Pn(x,+1) 14z,
€T = — = = .
= ey + e %n 1+e%n 1+ e%n

@ Repeated application gives the sequence
1 = 0.537882842739990. . .,
z2 = 0.566986991405413 . . .,
1+ (0.566986991405413 . . .)
T8 = T 0.566086991405413...
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Example (Use the N-R method to find an approx. to the root)

Find a root of f(z) =2 — e * = 0.
e f(0) <0and f(1) > 0, hence the root lies in the interval (0,1).
o Start with zg = 1.

@ Using the N-R method z,,41 = ), — f, , fll@)y=1+e",
we have
Tp—e€ % e Pn(x,+1) 14z,
Tntl = Tp — = =

l+e2  14e@n 14t

@ Repeated application gives the sequence
1 = 0.537882842739990. . .,
z2 = 0.566986991405413.. . .,
x3 = 0.567143285989123.. . .,
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Example (Use the N-R method to find an approx. to the root)

Find a root of f(z) =2 — e * = 0.
e f(0) <0and f(1) > 0, hence the root lies in the interval (0,1).
o Start with zg = 1.

@ Using the N-R method z,,41 = ), — f, , fll@)y=1+e",
we have
Tp—e€ % e Pn(x,+1) 14z,
Tntl = Tp — = =

l+e2  14e@n 14t

@ Repeated application gives the sequence
1 = 0.537882842739990. . .,
z2 = 0.566986991405413.. . .,
xs = 0.567143285989123 . . .,
1+ 23

T4 = T o
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Example (Use the N-R method to find an approx. to the root)

Find a root of f(z) =2 — e * = 0.
e f(0) <0and f(1) > 0, hence the root lies in the interval (0,1).
o Start with zg = 1.

@ Using the N-R method z,,41 = ), — f, , fll@)y=1+e",
we have
Tp—e€ % e Pn(x,+1) 14z,
Tntl = Tp — = =

l+e2  14e@n 14t

@ Repeated application gives the sequence
1 = 0.537882842739990. . .,
z2 = 0.566986991405413.. . .,

x3 = 0.567143285989123 . . .,
1+ (0.567143285989123 .. .)
T4 = T 0.567143285989123...
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Example (Use the N-R method to find an approx. to the root)

Find a root of f(z) =2 — e * = 0.
e f(0) <0and f(1) > 0, hence the root lies in the interval (0,1).
o Start with zg = 1.

@ Using the N-R method z,,41 = ), — f, , fll@)y=1+e",
we have
Tp—e€ % e Pn(x,+1) 14z,
Tntl = Tp — = =

l+e2  14e@n 14t

@ Repeated application gives the sequence
1 = 0.537882842739990. . .,
z2 = 0.566986991405413.. . .,
x3 = 0.567143285989123.. . .,
x4 = 0.567143290409784 . . .,
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Example (Use the N-R method to find an approx. to the root)

Find a root of f(z) =2 — e * = 0.
e f(0) <0and f(1) > 0, hence the root lies in the interval (0,1).
o Start with zg = 1.

@ Using the N-R method z,,41 = ), — f, , fll@)y=1+e",
we have
Tp—e€ % e Pn(x,+1) 14z,
Tntl = Tp — = =

l+e2  14e@n 14t

@ Repeated application gives the sequence
1 = 0.537882842739990. . .,
z2 = 0.566986991405413.. . .,
x3 = 0.567143285989123.. . .,
x4 = 0.567143290409784 . .
i
BT + e%4

b
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Example (Use the N-R method to find an approx. to the root)

Find a root of f(z) =2 — e * = 0.
e f(0) <0and f(1) > 0, hence the root lies in the interval (0,1).
o Start with zg = 1.

@ Using the N-R method z,,41 = ), — f, , fll@)y=1+e",
we have
Tp—e€ % e Pn(x,+1) 14z,
Tntl = Tp — = =

l+e2  14e@n 14t

@ Repeated application gives the sequence
1 = 0.537882842739990. . .,
z2 = 0.566986991405413.. . .,
x3 = 0.567143285989123.. . .,
rg = 0.567143290409784 . . .,
1+ (0.567143290409784 .. .)
T5 = T | 0.567143290409784. .
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Example (Use the N-R method to find an approx. to the root)

Find a root of f(z) =2 — e * = 0.
e f(0) <0and f(1) > 0, hence the root lies in the interval (0,1).
o Start with zg = 1.

@ Using the N-R method z,,41 = ), — f,(x") , fll@)y=1+e",
we have
Ty, — e En e In (xn = 1) 1+,
Tntl = Tp — = =

l+e2  14e@n 14t

@ Repeated application gives the sequence
x1 = 0.537882842739990. . .
z2 = 0.566986991405413.. . .,
x3 = 0.567143285989123.. . .,
x4 = 0.567143290409784 . . .,
x5 = 0.567143290409784 . . ..

)
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Example (Use the N-R method to find an approx. to the root)

Find a root of f(z) =2 — e * = 0.
e f(0) <0and f(1) > 0, hence the root lies in the interval (0,1).
o Start with zg = 1.

@ Using the N-R method z,,41 = ), — f, , fll@)y=1+e",
we have
Tp—e T e (x, + 1) 1+,
LIp+1 = Tn — = =

l+e o  1+e®  14eon’

@ Repeated application gives the sequence
1 = 0.537882842739990. . .,
z2 = 0.566986991405413. . .,
z3 = 0.567143285989123 . . .,
x4 = 0.567143290409784 . . .,
x5 = 0.567143290409784 . .
@ The sequence is converging and so 0.56714329 is an approximate

to root of f(z) =0in [0, 1] to 8 dp.
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Example (Use the N-R method to find an approx. to the root)

Find a root of f(z) =2 — e * = 0.
e f(0) <0and f(1) > 0, hence the root lies in the interval (0,1).
o Start with zg = 1.

@ Using the N-R method z,,41 = ), — f, , fll@)y=1+e",
we have
Tp—e T e (x, + 1) 1+,
LIp+1 = Tn — = =

l+e o  1+e®  14eon’

@ Repeated application gives the sequence
1 = 0.537882842739990. . .,
z2 = 0.566986991405413. . .,
x3 = 0.567143285989123.. . .,
x4 = 0.567143290409784 . . .,
x5 = 0.567143290409784 . .
@ The sequence is converging and so 0.56714329 is an approximate

to root of f(z) =0in [0, 1] to 8 dp.
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4.2 Simpson's rule

b
@ We know I = | f(z)dx corresponds to the area under the curve

y = f(z) from a to b,
@ hence I = F'(b) — F(a), where F'is an antiderivative of f.

@ However, in practice, computing an antiderivative for f may be
(fiendishly) difficult (or f may have been derived from an
approximation).

@ An alternative is to compute I numerically.

Approximate f by functions that are easy to integrate.

We can approximate f

@ with rectangles,
@ with trapezoids,
@ with polynomials.



Theorem

If f is a polynomial of degree < 3 (i.e. f(z) = px3 + qx® +rz +s,
where p, q,r, s are constants), then

B 8—a
[ #(a)ds =222 (1@) + 450) + £(6),

where (1 = (a + () /2 is the midpoint of the interval [c, 3].

Hence, Simpson’s rule is given by:

/abf(x)dx:b

f(co) + flean) +4 (f(c1) + fles) + -+ + fle2n-1))

—a
6n ~
sum of interior odd locations

+2(f(c2) + flea) + -+ + flean—2))

sum of interior even locations
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4.2 Simpson's rule

Example (Simpson'’s rule)

2
1
i) Use Simpson's Rule to approximate / — dz by dividing [1, 2] into
1 X

4 equal subintervals.
21
/ —dx = 0.6933 to 4dp.
1 T
The true value of [ 1dx is log 2 ~ 0.693147.

1
i) / e” d, dividing [0,1] into 4 equal parts.
0

1
/ e”’ dz = 1.46371076044 (11 dp)
0

The true value of [ e* dz is 1.46265174590 (11 dp).
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